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Abstract
The regular hendecagon is the polygon with the smallest number of sides that
cannot be constructed by single-fold operations of origami on a square sheet of
paper. This article shows its construction by using an operation that requires two
simultaneous folds.
1 Introduction
Single-fold origami refers to geometric constructions on a sheet of paper by performing
a sequence of single folds, one at a time [1]. Each folding operation achieves a minimal
set of specific incidences (alignments) between given points and lines by folding along
a straight line, and there is a total of eight possible operations [2]. The set of single-
fold operations allows for the geometric solution of arbitrary cubic equations [3, 4].
As a consequence, the operations may be applied to construct regular polygons with
a number of sides n of the form n = 2r3sp1p2 . . . pk, where r, s, k are nonnegative
integers and p1,p2, . . . ,pk are distinct Pierpont primes of the form 2
m3n + 1, where
m,n are nonnegative integers [5]. For example, previous articles in Crux Mathemati-
corum have shown the construction of the regular heptagon [6] and nonagon [7]. Let
us note that this family of regular polygons is the same that can be constructed by
straightedge, compass and angle trisector.
Number 11 is the smallest integer not of the above form (the next are 22, 23, 25,
29, 31,. . . ); therefore, the hendecagon is the polygon with the smallest number of sides
that can not be constructed by single-fold origami. In fact, its construction requires
the solution of a quintic equation [5], which can not be obtained by single folds. It
has been shown that any polynomial equation of degree n with real solutions may
be geometrically solved by performing n− 2 simultaneous folds [1]. Hence, a quintic
equation could be solved by performing three simultaneous folds. However, a recent
paper presented an algorithm for solving arbitrary quintic equations with only two
simultaneous folds [8]. In this article, the algorithm will be applied to solve the quintic
equation associated to the regular hendecagon, and full folding instructions for its
geometric construction will be given.
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Figure 1: The regular hendecagon.
Let us note that another problem related to a quintic equation, the quintisection of
an arbitrary angle, has also been solved by two-fold origami [9].
2 Quintic equation for the regular hendecagon and its solution
2.1 Equation
A similar approach to that used for the heptagon [6] is followed.
Consider an hendecagon in the complex plane, inscribed in a circle of unitary
radius (Fig. 1). Its vertices are solutions of the equation
z11 − 1 = 0 (1)
One solution is z = z0 = 1, and the others are solutions of
z11 − 1
z− 1
= z10 + z9 + z8 + · · ·+ z+ 1 = 0 (2)
Assuming z 6= 0 and dividing both sides by z5 produces
z5 + z4 + z3 + · · ·+
1
z3
+
1
z4
+
1
z5
= 0 (3)
Next, let t = z+ z = 2Re z. Since |z| = |z| = 1, then z = z−1 and t = z + z−1.
Expressing Eq. (3) in terms of t, the equation reduces to
t5 + t4 − 4t3 − 3t2 + 3t+ 1 = 0 (4)
Solutions of Eq. (4) have the form tk = 2Re zk = 2 cos(2kπ/11), where k =
1, 2, . . . , 5 and zk are vertices as indicated in Fig. 1. Note that, due to symmetry on
the x-axis, vertices except z0 appear as complex conjugate pairs with a common real
part.
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2.2 Solution
Any quintic equation may be solved by applying the following two-fold operation (see
Fig. 2): given two points P and Q and three lines ℓ, m, n, simultaneously fold along a
line γ to place P onto m, and along a line δ to place Q onto n and to align ℓ and γ [8].
ℓ
δ
γ
n
Q
mP
Figure 2: A two-fold operation. Red lines γ and δ are the fold lines.
The coordinates of points P and Q and equations of lines ℓ,m, and n are computed
from the coefficients of the quintic equation to solve. In the case of Eq. (4), we have
P(−5
2
,−3), Q(0, 1), ℓ : x = 0, m : x = −3
2
, and n : y = −1 (Fig. 3). Their calculation is
omitted here for brevity; complete details of the algorithm may be found in Ref. [8].
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Figure 3: Geometric solution of Eq. (4), for t = 2 cos(2π/11).
Let us demonstrate that the folds solve Eq. (4). Folding along line δ reflects point
Q onto Q ′ ∈ n. Assume that point Q ′ is located at (2t,−1), where t is a parameter.
Then, the slope of segment QQ ′ is −1/t, and its midpoint R is at (t, 0). The fold line δ
is perpendicular to QQ ′ and passes through R; therefore, it has an equation
y = t(x− t) (5)
Folding along line γ reflects point P on P ′ ∈ m. Assume that point P ′ is located
at (−3
2
, 2s), where s is another parameter. Then, the slope of segment PP ′ is 2s+ 3,
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and its midpoint T is at (−2, s− 3
2
). The fold line γ is perpendicular to PP ′ and passes
through T ; therefore, it has an equation
y = −
x+ 2
2s+ 3
+ s−
3
2
= −
x
2s+ 3
+
2s2 − 13
2
2s+ 3
(6)
Now, the same fold along δ reflects line ℓ over γ. Let S be the point of intersection
of δ and ℓ. The y-intercept may be obtained by letting x = 0 in Eq. (5), which produces
y = −t2. Then, the slope of segment SQ ′ is (t2 − 1)/(2t). Line γ must pass through
both Q ′ and S, and therefore it has an equation
y =
t2 − 1
2t
x− t2 (7)
Since Eqs. (6) and (7) describe the same line, then their respective coefficients must be
equal:
−1
2s+ 3
=
t2 − 1
2t
(8)
2s2 − 13
2
2s+ 3
= −t2 (9)
Solving Eq. (8) for s and replacing into Eq. (9), we obtain Eq. (4). Therefore, the x-
intercept of δ (i.e., t at point R) is a solution of Eq. (4). Note that the equation has five
possible solutions, and Fig. 3 shows the case of t = 2 cos(2π/11) ≈ 1.6825 . . ..
3 Folding instructions
The following diagrams present full instructions for folding the regular hendecagon
on a square sheet of paper.
Steps (1) to (7) produce points P and Q and lines ℓ, m, n of Fig. 3. The center
of the paper is assumed to have coordinates (0,−1), and each side has length 8. In
step (1), the vertical and horizontal folds define lines ℓ and n, respectively. In step
(3), the intersection of the fold line with the vertical crease is point Q. In step (5), the
small crease at the bottom will mark the position of line m, after folding the paper
backwards in the next step. Finally, step (7) defines point P.
Next, steps (8) and (9) produce the fold lines γ and δ, respectively, of Fig. 3. As a
result, pointQ ′ in step (11) is at a distance of 4 cos(2π/11) from the center of the paper.
In the same figure, point A is adopted as one vertex (z0 in Fig. 1) of an hendecagon
with radius of 4 units. The fold in step (11) produces a vertical line through Q ′, and
steps (12) and (13) rotate a 4-unit length (from the paper center to point A) so as to
find the next vertex of the hendecagon (point D in step 14). The remainder steps, (14)
to (20) are used to find the other vertices and folding the sides.
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(1) Fold and unfold verti-
cally and horizontally.
(2) Make a small crease at the
midpoint.
(3) Fold backwards the top
edge to the horizontal center
line.
(4) Fold and unfold.
m
(5) Make a small crease at the
bottom edge, and call this
crease m.
(6) Fold backwards to align
the vertical crease made in
step (4) with the small crease
at the right.
P
(7) Make a small crease at the
left edge, and call this point
P.
P
m
(8) Fold backwards to place
P onto crease m made in step
(5), so that...
Q
Q ′
S
P
m
(9) ...a fold through point S
places Q ′ onto Q.
5
J. C. Lucero: Regular hendecagon by two-fold origami
(10) Unfold.
Q ′
A
(11) Fold along a vertical line
through point Q ′ to place
point A onto the horizontal
crease and unfold.
A
(12) Fold through the center
of the paper to place point A
onto the vertical crease made
in step (11), and unfold.
BB
′
CC ′
(13) Fold backwards to place
point B onto point B ′, and
point C onto point C ′.
D
(14) Fold through the center
of the paper and point D, at
the upper intersection of the
crease made in step (11) with
the right edge.
(15) Fold backwards the
lower layer using the edges
of the upper layer as guide-
lines, and next unfold the
upper layer.
E
(16) Fold through the center
of the paper and point E, at
the lower intersection of the
crease made in step (11) with
the right edge.
(17) Fold backwards the
lower layer using the edges
of the upper layer as guide-
lines, and next unfold the
upper layer.
(18) Repeat the fold in step
(14).
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(19) Fold backwards the
lower layer using the edges
of the upper layer as guide-
lines, and next unfold the
upper layer.
(20) Finished hendecagon.
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